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Exact solutions for N-magnon scattering
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ABSTRACT: Giant magnon solutions play an important role in various aspects of the
AdS/CFT correspondence. We apply the dressing method to construct an explicit for-
mula for scattering states of an arbitrary number N of magnons on R x S2. The solution
can be written in Hirota form and in terms of determinants of N x N matrices. Such a
representation may prove useful for the construction of an effective particle Hamiltonian
describing magnon dynamics.
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1. Introduction

Classical string solutions in AdSs x S° play an important role in understanding various
aspects of the AdS/CFT correspondence (see [[[] for review). Integrability [f] is a powerful
computational tool which has enabled many quantitative checks of the correspondence.
A lot of work has been done exploring both string theory and gauge theory sides of the
correspondence, culminating in the proposal for an exact S-matrix for planar N’ = 4 Yang-
Mills theory [J].

Magnons are building blocks of the spectrum in the spin chain description of AdS/CFT.
The Hofman-Maldacena elementary magnon corresponds to a particular string configura-
tion moving on an R x S? subspace of AdSs x S° [H]. String theory on R x S? (or R x $3) is
classically equivalent to sine-Gordon theory (or complex sine-Gordon theory) via Pohlmeyer
reduction [{, f] (see [fi] for AdS case). Giant one-magnon solutions on R x S? and R x $3
map to one-soliton solutions in sine-Gordon and complex sine-Gordon respectively [, §-
Using this map, the scattering phase of two magnons was computed in [[] and shown
to match that of [fJ. Moreover, a sine-Gordon-like action has been proposed for the full
Green-Schwarz superstring on AdSs x S° [[IT, 7).

In sine-Gordon theory, the dynamics of N-solitons is captured by the Ruijsenaars-
Schneider model [[3, [[3]. Specifically, the eigenvalues of a particular N x N matrix entering
into the description of the N-soliton solution (or 7-function) of sine-Gordon evolve accord-
ing to the Ruijsenaars-Schneider Hamiltonian. Positions and momenta in the Hamiltonian
are related to the positions and rapidities of the solitons, and the phase shift for soliton
scattering can be calculated from the quantum mechanical model. It is natural to wonder
what the analagous Hamiltonian in the case of complex sine-Gordon and giant magnons is.



Explicit N-soliton solutions (in 7-function form) serve as a useful starting point in deriving
the Ruijsenaars-Schneider model from the sine-Gordon theory, and it is likely that a similar
technique may prove useful for complex sine-Gordon and giant magnons as well.

Interest for an effective particle description of giant magnon scattering emerged through
the work of Dorey, Hofman and Maldacena [[4], where they illuminated the nature of dou-
ble poles appearing in the proposed S-matrix of planar N = 4 Yang-Mills [J]. They
were able to interpret these double poles as occurring from the exchange of pairs of par-
ticles, and in particular to precisely match their position on the complex domain with
the prediction of [B], under the assumption that the exchanged particles are BPS magnon
boundstates [[l5]. By studying the quantum mechanical problem corresponding to an effec-
tive particle Hamiltonian describing the scattering of two magnons with very small relative
velocity, one should obtain an S-matrix whose double poles compare to the aforementioned
results in the appropriate limit.

Superposing magnons is a difficult problem because of the nonlinear equations of mo-
tion they satisfy. Integrability allows the use of algebraic methods such as dressing to
construct solutions of nonlinear equations of motion [[[d, [7]. Indeed, the dressing method
was used to describe the scattering of two magnons and spikes on R x S® (and various
subsectors) as well as spikes in AdSs [[§—-[J]. However, it is a tedious process to obtain
even the three-magnon solution. In this paper we will present an explicit string solution on
R x S? describing scattering of an arbitrary number N of magnons by solving the recursive
formula following from the dressing the (N — 1)-magnon.

The paper is organized as follows. In section 2 we review the dressing method for R x S3
and derive a recursive formula for the N-magnon solution in terms of (N — 1)-magnons.
In section 3 we solve this recursion and present the N-magnon solution. The solution
can be presented in various ways, we find useful Hirota and determinental forms. As a
consistency check we verify that our solution separates asymptotically into a linear sum of
N well-separated single magnon solutions and demonstrate that the only nontrivial effect of
the N-magnon interaction is the expected sum of two-magnon time delays. The appendix
clarifies the rules to construct the N-magnon solution and some examples are presented.

2. Giant magnons on R x S§3

The classical action for bosonic strings on R x S3 can be written as
1
S = —5 /dtdl‘ [8GX“8GX“ + A(XZ - X; — 1) , (21)

where  runs from 0 to 4 and ¢ from 1 to 4. The X; are embedding coordinates on R* and
the Lagrange multiplier A constrains them on S3.

After we impose the gauge X%(¢,2) = ¢, eliminate A in terms of the embedding coor-
dinates and switch to light-cone worldsheet coordinates z = (x —t)/2, z = (z + t)/2, the
equations of motion and Virasoro constraints become

20Z; + %(azjézj +0Z;0Z;)Z; =0, Z;Z; =1, (2.2)



and
02:0Z; = 0Z;0Z; = 1, (2.3)

where we have used the parametrization
Z1=X1+1Xo, Zy=X3+1Xy. (2.4)

Giant magnons on R x S3 are defined as solutions to the above system of equations,
obeying the boundary conditions

Zl(t,ﬂi‘—>:|:OO) _ it:l:ip/2+ia,

e
Zy(t,x — £o0) = 0. (2.5)

The physical meaning of the boundary conditions is that the endpoints of the string lie on
the equator of the S on the Z; plane moving at the speed of light, and the quantity p
called total momentum represents the angular distance between them. Finally, o can be
any real constant.

2.1 Review of the dressing method

The dressing method is a general procedure for constructing soliton solutions to integrable
differential equations first developed by Zakharov and Mikhailov [[[d, [[7]. It was applied in
the context of giant magnons by some of the authors [[1§, L], providing classical solutions
for a variety of backgrounds. In what follows, we will review the basic steps of the method
as they apply to the particular case of R x S3.

We start by defining the matrix-valued field

9(z,%) = (_22 é?) € SU2) (2.6)
and recasting (B-2) into .
0A+ 0B =0, (2.7)
where the currents A and B are given by
A =idgg !, B =idgg*. (2.8)
The Virasoro constraints (R.J) can be also written as
TrA%2 = TrB? = 2. (2.9)
The nonlinear second order equation for g in (R.7) is equivalent to a system of linear

first order equations for auxiliary field ¥(z, z, A)

= AV BY

oV = — OV = —— 2.1
V=10 V=g (2.10)
provided (R.1() holds for any value of the new complex variable A called the spectral
parameter, with A and B independent of .



Given any known solution g, we can determine A, B and solve (R.1() to find W()\)
subject to the condition

TYA=0)=g. (2.11)

Any ambiguity on factors that don’t depend on z, Z is removed by also imposing the uni-
tarity condition

v e =1, (2.12)

It is easy to show that the equations of motion for the auxiliary field (R.I0) are covariant
under the following transformation with a A-dependent parameter x(\),

T(A) = U(N) = xT(N),
A — A = xAx P +i(1+ N)oxx (2.13)
B —

B'" = xBx ' +i(1-XNoxx},
under the condition that A’, B’ remain independent of A\. Thus, performing the above
transformation to the known solution (¥()\), 4, B) produces a new solution to (2.7) with
¢ =T (\=0).
The condition (R.19) implies that y(\) must obey

M x() =1, (2.14)

whereas the demand that A’, B’ are independent of A can be translated as further con-
straints on the analytic properties of x()\). For the R x S3 case it turns out [[§ that the
dressing factor x(A) is
AL — M

P, 2.15
P )\1 ( )
where \; is an arbitrary complex number and the hermitian projection operator P is given
by

x(A) =1+

f _
L u = (e, (2.16)

V11

P =

where e is an arbitrary vector with constant complex entries called the polarization vector.
The projector P does not depend on the length of the e vector.
The determinant of x(\) is

A
A=\

det x(X) (2.17)

and if we want our dressed solution x(0)¥(0) to sit in SU(2) we should rescale it by the

compensating factor 1/ Aq / 5\1.
Putting everything together, the new solution ¢’ = ¥/(X = 0) to the system (B.7) is

given by
A1 AL — M
"= =1 Pg. 2.18

I A ( " —A1 >g (218)




2.2 Application and recursion

This procedure can be repeated with ¢’ as the solution we begin with, in order to obtain
another new solution. In fact, once we have solved the differential equation (R.1() for
W(A) the first time, we no longer need to repeat this step for W/(\), as we have that
information already. Thus, from this point the method proceeds iteratively in a purely
algebraic manner.

More specifically, we can show that the auxiliary field UV ()\) that is constructed after
N iterations is related to the auxiliary field W™ ~1()) occuring after N —1 iterations through

Ny AN 1 Uiy Uiy
V=R To@ = (wévl ¢2N2> | (219

where
YN = (—cd(A — Ay) + ab(\ — An) TN ) — ac(Ay — An) TN,
Pl = (—cd(X — An) + ab(A — An) TN — ac(An — An) TN,
U9y = (ab(A = Ax) — cd(A — AN)) TR (A) + bd(Ay — An) U7 (V),
U9y = (ab(A — An) — cd(A — An)) W3 (A) + bd(Ay — An) U751 (V) (2.20)
and
a=UN"AN)+ TN ),
b=U""w) — U (),
c =T W) — T Ow),
d =93 On) + TN Ow). (2.21)

The new solution of (2.7) follows from (R.1g) when taking A = 0. Due to (P.§) we can
then read off the relation between the Z; coordinates of the two solutions as

1 \ - —
ZN T N l(ah — 1) - ZN_l _ _'ZN—I
' |IAn|(ab — cd) [(ab)\N cdAN)Z) T+ ac(AN — An)(—iZ, )},
ZN — ; 3\ _ _.ZN_l 3 ZN—l . 099
27 |\n|(ab — cd) [(ab)‘N cdAN)(—iZy' ) + ac(AN — AN)Z; ] (2.22)

Starting with the simple ‘vacuum’ solution representing a point particle rotating around
the equator in the Z; plane,

Zl = eit,
Zy =0, (2.23)

and using the polarization vector e = (1, 1) the dressing method yields [[§] the single
magnon solution on R x S3 first obtained in [§] as a generalization of the original Hofman-
Maldacena giant magnon solution on R x S2. Applying the method once more using the
same polarization vector as before then gives a solution which asymptotically reduces to a
sum of two single magnon solutions, and whose conserved charges are sums of the respective



charges of two single magnon solutions. Hence it can be interpreted as a scattering state
of two single magnons.

From the above considerations, it is natural to expect that the N-times dressed solution
will correspond to a scattering state of N magnons. The quantities )\; are parameters of
the N-magnon solution which we can more conventionally express as A\; = riePi/2 with p;
the momentum of each constituent magnon and r; a quantity associated to its U(1) charge.

3. The N-magnon solution

Successive application of the dressing method suggests a compact closed form for the N-
magnon solution, which can be written as follows

eit Nl
L= =
L% [\ P
e‘it N2
Zy = —i—0 2 (3.1)
L% [\ P
with
[ on 2N
D= Y exp | Y Bylmipy + (s — V)py — D + Y pi(2i2i) |,
#i=0,1 _i<j =1
[on IN
Ni= Y exp | > Bjlpapy + (mi — Dy — D]+ Y w262+ C) | (3.2)
#i=0,1 _i<j =1
[on ON
Ny = Y exp | Bijlpips + (i — 1) — D]+ Y [1i(2i2;) + (i — DCi] |
pi=0,1 | i<J i=1
where
z z
Zi — )
N —1 + N+ 1
eBij = >\z - )\j, (3.3)
eCi = A,

and N is the number of magnons.
In the above formula the indices i, j take the 2N values (1,1,2,2,...,N), i < j implies
this particular ordering, and we identify A\; = A\, Z; = Z;.! The symbol 1i=0,1 implies

the summation over all possible combinations of y1y = 0,1, pu; =0,1,..., py = 0,1 under
the conditions
2N N, for Ny, D,
Z i = (3.4)
1 N +1, for Ns.

1Alte]rnatively we may define new quantities pi such that ps—1 = A; and pg; = 5\;7 and similarly for Z;.
These will take values 1,2...2N as usual.
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Figure 1: Plot of | Z3| for the first 4 magnons on R x S? at time t=2 as a function of the worldsheet
coordinate 2. The chosen spectral parameters are A\; = 2e?, Ay = €2}, \3 = 3e?, N\ = e*.

This description makes contact with a variety of N-soliton expressions of other integrable
systems (for example see ).

We have numerically checked (B.2) for high number of magnons, whereas in figure
we plot |Zs| for the first 4 magnons. In appendix [A] we give some examples.

Our R x $3 N-magnon solution is reduced to the R x S? one if we let the spectral
parameters \; lie on a unit circle, |\| = 1.

3.1 Hirota form of the solution

It is possible to write Z1, Z3 of (B.1)) in an equivalent form similar to Hirota’s [4], where
Ny, No, D are given by

D = Z d(i1,i2,...,in)exp [2i(Z;, + Zi, + -+ Ziy )],

anCN

N1 = Z nl(il,ig, . ,z'N)exp [Qi(Zil + ZZ'Z + -+ ZiN)], (35)
anCN

N2 = Z ng(il,ig,. .. ,iN+1)exp [2i(Z¢1 + ZZ'Z +---+ ZiN+1)] N
aNCON+1



and

(N) (N)
divyiz, ... in) = [ X [ Aiwins

k<I<N  N<m<n
N (N) (N)
n1(i1,i2,...,iN) = H)\z’j H iy H Nimin s (3.6)
j=1 k<ISN  N<m<n
2N (N+1) (N-1)
no(inyig,vine) = [ XTI Mea TI Aiwins
J=N+1  k<I<N+1 N+1<m<n

where N is the number of magnons, yC,, indicates summation over all possible combina-
tions of n elements taken from IV, H(") indicates the product of all possible combinations
of the n elements, and A;; = A\; — A;. Finally, we have arranged our 2N elements Z; as
{Z1,21,...,2Zy}and our 2N Ns as {1, A1,..., v }. We always assume that i; < ... < iy.

Finally, we should mention that we can get a more symmetric yet complicated-looking
version of our N-magnon expressions, by factoring out the terms

Hf\il Aexp (24 Zf\il Z;) from Ny,
[T, Nexp (203N, 2)  from Na, (3.7)
exp (22’ SN Zl) from D.

Written in this way, D has the nice feature of being real. More importantly, and as we
will see in the following sections, this form of the N-magnon solution is useful for analyzing
its asymptotic behavior and demonstrates the symmetry that will allow us to write it in a
determinant form.

3.2 Determinant form for 7

It is known that for the (complex) sine-Gordon equation and several other integrable equa-
tions, the N-soliton expressions similar to (B.1)-(B.4) and (B.5)-(B.€) can also be rewritten
in a form involving determinants of N x N matrices [R]. It is precisely expressions of this
type that become particularly useful when extracting the effective particle description of
the soliton problem [[J. Motivated by the same goal for the case of giant magnons, we
have been able to find a determinant formula for Z;. In particular, we may write

N 1/2 gk B
; A det(I + A= FAF
p= (L) et AT AL (38)
ey Al det(I + FF)
where A, F are N x N matrices® with elements
Akt = O,
Fy = e 2+ Gyy, (3.9)
Ak,
Gr = )\kfa
m#l Im

2The matrix A is not to be confused with the Lagrange multiplier of (m)



kI = 1,2,...,N, and I the identity matrix. Interestingly, the matrix G can further
be expressed as G = H (ﬁ)_l where H is a matrix with elements Hy = (Az)'"'. The
determinant of H is what is known in the literature as the Vandermonde determinant,
given by the simple formula
det H = [T\ — M. (3.10)
k<l

This decomposition in terms of H also reveals the property of G, that G = G~!. Finally,
one may use the property that two square matrices related by a similarity transformation
A" = SAS™! obey det(I + A’) = det(I 4+ A) to regroup the matrix products of (B.§) in a
different manner if desired.

The fact that the exponents in Ny contain N 4+ 1 Z; terms complicates the derivation
of a determinant formula for Zs.

3.3 Asymptotic behavior

In this section we will examine how our solution behaves for + — +oo and t — +oo
respectively. Since the dependence of our solutions on the worldsheet coordinates is encoded
in the factors 2iZ;, the asymptotic behavior of the N-magnon solution will be determined
by their respective real parts.

Using notation similar to [[§], we define

u = i(2 — Zl) = Kjx — Yit,
w = 2+ 2,
v = w; —t, (3.11)

with

i (N — 5\1)(1 + ’)\1’2) _ 2(1+ 7‘12)7‘1 sin % 7
|1—/\l|2|1+/\l|2 1+ 7} —2r? cosp
—i(AF = A}) 27 sinpy

y = - , 3.12
]1—)\1\2]1+)\l\2 1+ 7t —2r?cosp (3.12)

R] =

and in the second equality we have also employed the usual parametrization \; = retPi/2
for the spectral parameters. Additionally, the relations (B.19) imply

202 = w +iwy, 2iZ; = —u + iwy. (3.13)

The parameter range for a single dyonic magnon is r € (0,00) and p € [0,27), with
p ~ p—+ 27 for any other p. We can use the same restrictions for our parameters r;, p; of the
N-magnon solution, in which case the x; are clearly positive. From the formulas (B.5)-(B.0)
after we factor out (B.7), it is then easy to see that the our solution has its boundaries on
the equator of S® on the Z; plane. Namely, for x — o0 the boundary conditions (R.3)
are satisfied, with p = Zz]\;1 p; as expected.

Next, we proceed to determine the behavior of the solution for ¢ — 400 and large
magnon separation. Without loss of generality, we can assume that the magnons are



ordered such that their velocities Z—’; obey

141 vy VN

—>=>...>— (3.14)
K1 K2 KN

In order to focus on the k-th magnon, we keep uy fixed as t — +oo. This means that

2 should scale as © = :—it + z—i and in total the u; will behave as
v v u
U] = Ky <—k — —l> t+ Iil—k. (3.15)
ke Ky Kk

In particular, the limit ¢ — —oo under the aforementioned ordering and scaling implies

U, U2, . . -, Ug—1 — +09,
uy finite, (3.16)
Uk41, U425 -+ -, UN — —OQ.

Thus, it is easy to see from (B.9)-(B.4) that the terms which dominate in the limit have
pi=1forie{l,....k—1,k,k+1,...,Nvandic {1,...,k—1,k,k+1,...,N} in the
case of Ny, D, and i € {1,...,k —1,k,k,k+1,...,N} in the case of Ny, with the rest of
the u’s being zero.

Up to common factors that will eventually cancel out (including the divergent terms),
we can express the limiting values of N1, Ny and D as

D ~ (fpe" + foe ") ek,

k—1 N
Ny ~ H A H 5\[ ()\k I+ e'r + j\k i e_“k) eiwk, (317)
=1 l=k+1
k—1 N
Ny~ TN T M Aes b,
=1 l=k+1

where fi, f_, h are functions of the spectral parameters \; given by

k-1 N
Fe=TTM =P T e =Nl
=1

I=k+1
k—1 ~ N
fo=TI =N T e =N (3.18)
=1 I=k+1
k—1 B N o ~
h= e =20 =) JT Ow =X = X).
=1 I=k+1

Noticing that |h|> = fi f—, and with the help of (B1)), (B-I7) and (B-I§), we can write the
t — —oo limit of the N-magnon solution as

Z = el%elt [cos % + isin % tanh (uy + 5u_(/<;))] ,
sin BE

cosh [uy + du_(k)]’

Zy = €920k (3.19)

— 10 —



where?

Su_(k) = —1 g Zéukl - Z Sup, (3.20)

I=k+1
with
A — N

e — N |

%2 are independent of x and ¢. For completeness, we can write

dug, = log (3.21)

and the phase factors €1,

them explicitly as

. k-1 A 1/2 N Y 1/2 i N
ST () oS0 $5)].
i1\ 1=kt1 \ 7V =1 I=k+1

. o M2
gitr _ i it _ (ﬁ) — (3.22)

Equation (B.19) is precisely the single magnon solution on R x S3 [}, [, up to a pure
phase and a shift in uy, which reflects the additional freedom of the solution.
The case t — oo can be treated in a similar manner, yielding (B.19) with

du_(k) — ouy (k) = —ou_(k),
6 — —01, (3.23)
¢ — —C
(3.24)
Since k is arbitrary, we have in fact proven that asymptotically our N-magnon solution
splits into IV single magnon solutions. Each magnon retains its shape after scattering with
the rest of the magnons, with the effect of the interaction being encoded only in a relative

shift in wug,
ou(k) = oduy (k) — ou_(k) = —20u_(k). (3.25)

Because of (B.19), the shift in uy, is usually interpreted as a time delay [2€],

5t(k) = Z Sty + Z Sthl, (3.26)
l=k+1
where
25uk1 ’1—)%‘ ‘1+)\k’ AL — N
St = 2 log |2 3.27
W= XX NN (8:27)

is the time delay that occurs because of the interaction of the k-th with the [-th magnon,
namely two-magnon scattering.

Hence, our N-magnon solution exhibits the property of factorized scattering, as ex-
pected by the integrability of the Rx.S3 o-model and its classical equivalence to the complex
sine-Gordon system. Finally, the dyonic two-magnon time-delay we retrieved in (B.27) is
in complete agreement with [27, g, [9].

3The signs of du+ (k) are chosen for compatibility with the most standard method of determining time
delays, whereby one performs the ansatz ur = —vidt+ (k) and solves for the position of the magnon’s peak,
given by —vdts (k) + du+ (k) = 0. Note the agreement with the definition () below.

— 11 —
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A. Construction rules — examples

To help clarify the meaning of the formulas (B.1])-(B.4) and (B-5)—(B.6), we reduce them to
a simple set of rules for the construction of Ny, No, D. These rules may also facilitate
computer code for generating N-magnon solutions.

The N-magnon solution can be written as

eit Nl
7l = ——— =,
T2, [a P
e—it N2
Ty = —i—o 12 (A1)
LY, v D

and it contains N spectral parameters )\; along with their conjugates \; that we can arrange
as the set A = {)\1, 5\1, A9y ooty AN, S\N}

In order to write the denominator D we take all the possible subsets of N numbers of
the set A. There are (2N)!/N!? such subsets. For each subset we form a product and then
D is the sum of all those products. Let us see how to form the product for a specific subset
B. The product contains

a) an exponential with exponent 2i) . Z(\;) = 2i ), Z;, where ); are all the \’s that
belong to B,

b) all the possible differences A\; — A, @ < j, where A;, A; all belong to the subset B and

c) finally all the possible differences A\; — A;, i < j, where \;, A; all belong to the
complement subset of B.

The rules for N; are the same as D except that now the product contains in addition
all the A’s that belong to the subset B.

The rules for Ny are the same as the rules for N1, but now all the subsets B should
have N + 1 elements instead of N and the product contains all the A’s that belong to the
complement subset of B instead of the B itself.

As an example let us write N7, No, D in the case of 1, 2 and 3-magnons.

For 1-magnon we have

D = 221 4 622'2’17
N = /\1621‘21 + /_\162i2'_71, (A2)

N2 — )\11627:(21—1—21).

— 12 —



For 2-magnons we have [[§]
D = Mphgae® B2 4 Ao Ag3e? B1452) 4 ) 5,2 B1H22)
A1 A2 FTTE) A A2 BITE) g g g (B2 2
N1 = AMAA A2 ETE0) 1 X oMo A 1pe 1722 4 A Ao X g Appei(F122)
+ 5\1)\2)\12)\12621'(214-22) + 5‘15\2>\i§>\12€2i(zl+22) + )\25\2>\22)\1162i(22+22),
Ny = Ao Ao Aige? BHFEE22) oy A A Aqpe(B1H21H22)
F A1 A2 A3 Az (P1H2222) )y Ay A Agpe2i(Z1 221 22), (A.3)
For 3-magnons we have
D = Mtz AnAas s Age™ P FE) 4 A A g A daa g Agge” 1)
+ At MsAs Aoz a3 Aaze” FTEIE) 4 A A3 AT s Aag g e (BT HE1EE)
+ M2 Aia Aoz A rs s Age? B 2222 4 Ao A dag g Az Agge (B 22 ES)
+ A2 13 A3 A 1A i3 A3 T EES) A Mg Ags App A igAgzei (1 T 221 E0)
+ >\12>\13>\23>\iz/\13/\2362i(21 +22423) 4 >\13>\13>\33>\12/\Ii)\2262i(21 +Z3+23)
+ A2 iz Ags s s Az BT E ) 4 A Nigdas A Agge” (1T E )
+ Ao At Aos Mz Az P EE) L A A s Mo Ay Agze”i(F1 T2 ES)
+ Az Az iz Ais Az BT E ) L Ap AisAgs M A g Agpe” (1202
+ Aoz das M s s P T EE) 4 A hasdas M g Agge” (B2 T2 E)
+ AosdasAgs it Aia Az P E ) £ g gs i dip e (),
N1 = AA e A1 A2 A o As3 A 53332 E 272200 X X0 M1 A3 A 13 A 03 Agg Agge 2 (B1 F281+22)
+ A A A3 A A T3 A Aag Aage® BT FETE 0N X1 A\ 1 A i3 Mg g Ao Agge (F1HE1+20)
+ A2 de A A0 M s Ais Aaze? P EEE 00 Ao s A ip Ais a3 A A g Agge (F1HEHER)
+ A2 As A2 303 Mo A is Aage® FITETE 00 o dg A ia Ais Agg A Az Agg e (Z1H 22 Z0)
+ A e Az Aia 303 Mo s Aese? P1FETE) 00 s g A 13 A5 Agg A A g Ag el (B2 HEa+20)
+ Ao A A s Aga M AigAgze 2 (P FE 20N Ao As A A is Aoz A g g Agge (B 22+ 20)
+ A2 A3 Ao A 303 s A3 Aage? P ETE LR o ds A g g Aag A2 Az Agg el (F1H 22+ 20)
+ A Ao A3 A A 13 Aag M2 A3 Aoz (P E 05 A s s A is g Ao A Agge 2 (B1 Za+20)
+ AadeAs Aaa A2sAas A1 Ais Arae? P2 E T E) 00 o As Agp Agg Aag A 1 A Agge (222 Z0)
+ A2 AsAsAos Aoz gz A1 Aia Arae? (Z2 T E T E) 10 N R Ag A Az A A 252 2555
N = AsdaAim Moz Aip A dgg Agge ™15 HE1 2222
+ Ao ds AT A A3 A 1 A3 Aag Agz e (B 21+ 22+ Z0)
+ Ao ds M1 M As A A s dag Agge (1 T2 F 2 0)
+ Ao a1 Mz s A i Aighag Agge (121 T2 20)

+ )‘2)‘3)‘11)‘12)‘13)‘12)‘13)\23)\236%(21 + 21422+ 23)
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+ )\25\2)\11)\13)\13)\13)\13)\33)\22e2i(51+21+23+23)
+ 5\15\3)\12)\15)\13)\25)\23)\23)\13622'(51+Zz+2’2+23)
+ 5\1)\3)\12)\1?)\13)\2é)\23)\§3)\1362i(31+32+22+Z3)
+ 5\15\2)\12)\13)\13)\23)\23)\33)\12e2i(51+22+23+23)
+ 5\1)\2)\@)\13)\13)\@3)\?3)\33)\12e2i(21+22+23+z’3)
+ M 5\3)\12A1§A13A2§A23)\§3)\1362i(z1 +Zo+ 22+ 23)
+ M AsA 19 A 3 A 3 03 Aoz Agg A1 ge2i(Z1 22+ 22+ Za)
+ A1 5‘2)‘12)‘13)‘13)\23>\2§,>\33>\1§e2i(21 + 29+ 23+23)
+ M A2 A3 A 13 3 M35 Mg Agg A p2i(Z1 22+ 2+ Za)

+ MM Az deados Ags Agshas Ay e (B2 T 22 50),

where \jj =\ — Aj, and Z; = z/(\ — 1) + 2/(\ + 1).
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